In a recent preprint (see [C]), F. Calegari has shown that for ℓ = 2, 3, 5 and 7 there exist 2-dimensional surjective representations ρ of Gal(Q/Q) with values in F ℓ coming from the ℓ-torsion points of an elliptic curve defined over Q, but not minimally, i.e., so that any elliptic curve giving rise to ρ has prime-to-ℓ conductor greater than the (prime-to-ℓ) conductor of ρ. In this brief note, we will show that the same is true for any prime ℓ > 7, concretely, we will show that for any such ℓ the elliptic curve
Proof
In page 9 of [C] , the example for ℓ = 7 is constructed from an elliptic curve E with semistable reduction at 2, such that its discriminant ∆ has 2-adic valuation equal to 7. This implies that the mod 7 Galois representation ρ attached to E is unramified at 2 and satisfies: a 2 ≡ ±3 (mod 7), where a 2 is the trace of ρ(Frob 2). The representation can not correspond to an elliptic curve with good reduction at 2 because for such an elliptic curve E ′ we have c 2 = 0, ±1, ±2, where c 2 denotes the trace of the image of Frob 2 for the compatible family of Galois representations attached to E, and therefore we would get ±3 ≡ a 2 ≡ c 2 (mod 7), a contradiction.
The same argument proves the result for higher primes: take ℓ > 7 and consider the elliptic curve E ℓ defined in the abstract. As for the case of Frey curves (related to Fermat's last theorem) we easily check that this curve is semistable, it has bad reduction at 2 and 3, good reduction at 5 and ℓ, the corresponding mod ℓ representation ρ is unramified at 3 (because the 3-adic valuation of the discriminant is multiple of 3) and therefore it must hold:
It is easy to check that ρ is irreducible: in fact, this follows from the fact that it is semistable and has good reduction at 5 (and comes from an elliptic curve). We indicate a short proof for the reader convenience: assume that ρ is reducible, then (after semisimplifying, if necessary) we get: ρ ∼ = 1 ⊕ χ, where χ denotes the mod ℓ cyclotomic character (here we use semistability). Evaluating at Frob 5 we get: a 5 ≡ 6 (mod ℓ), which is a contradiction since a ′ 5 = 0, ±1, ±2, ±3, ±4, where (a ′ 5 modℓ) = a 5 , and ℓ ≥ 11. It is well-known that since the representation ρ is irreducible and semistable (and attached to an elliptic curve, and ℓ > 7), it must be surjective. Since a 3 ≡ ±4 (mod ℓ) and ℓ ≥ 11, it is clear that this representation can not correspond to an elliptic curve unramified at 3, because for such an elliptic curve the corresponding trace c 3 at Frob 3 ( in characteristic 0) satisfies c 3 = 0, ±1, ±2, ±3, thus a 3 ≡ c 3 (mod ℓ) gives a contradiction.
Remark: Since all elliptic curves over Q are modular, by level-lowering we know that there exists a weight 2 newform f of level prime to 3 (and equal to the prime-to-ℓ part of the conductor of ρ) such that ℓ splits totally in the field Q f generated by the eigenvalues of f and for a prime λ | ℓ in Q f the mod λ representationρ f,λ attached to f is isomorphic to ρ. Of course, due to the result proved above, it must hold Q f = Q, so that the abelian variety A f associated to f is not an elliptic curve. Moreover, it is not hard to see that given any dimension d, for almost every prime ℓ any abelian variety A f realizing ρ with minimal ramification as above (i.e., with the level of f equal to the prime-to-ℓ part of the conductor of ρ and the residual representation attached to f isomorphic to ρ) must be of dimension grater than d. This follows from the fact that if the dimension is bounded by d, the degree of the field generated by c 3 , the trace at Frob 3 of the Galois representations attached to f , is also bounded by d, and from this it follows (using the bound for the complex absolute values of c 3 and its Galois conjugates) that there are only finitely many possible values for c 3 . Since (again) c 3 = ±4, the congruence a 3 ≡ c 3 gives
which can only be satisfied by finitely many primes ℓ, and this is what we wanted to prove.
We collect in the following theorem the results proved in the present note: Theorem 1.1 For any prime ℓ > 7 the Galois representation ρ obtained from the ℓ torsion points of the elliptic curve
is unramified at 3, but E ℓ and any other elliptic curve giving rise to the same mod ℓ Galois representation have bad reduction at 3. On the other hand, if we consider a modular abelian variety A f with good reduction at 3 also giving rise to ρ (it follows from lowering the level that such a variety always exists) then as ℓ varies the dimension of A f tends to infinity with ℓ.
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